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Beal Conjecture Proved by the Scientific Approach
A. A. Frempong

Abstract

Using the "scientific approach", the author proves directly the original Beal conjecture (and not
the equivalent conjecture) that if A* + BY = C?, where A,B,C,x,y,z are positive integers and
x,y,2>72,then A, B and C have a common prime factor. One will let r, s and ¢ be prime factors
of A, B and C .respectively, where D, E and F are positive integers, such that A= Dr, B=Es,

C = Ft. Then, the equation A* + BY = C* becomes D*'r* + EYs” = F*t*. Seven numerical Beal

equations were factored. Based on the consistent pattern of the structure of the relationships
between the prime factors on the left sides of the equations and the prime factors on the right sides

of the equations in the factorizations, the author conjectured the equalities, r*=¢* and s¥ =17,
which would imply that » = s =, and establish that the Beal conjecture is true. The proof would

be complete after showing that r*=t* and s” =¢”. The proof in this paper is an expansion of a
previous paper (viXra:2001.0694) by the author. The proofs of the above equalities would be

) .ot sy ) . .
complete after showing that the ratios, pri 1 and Pk 1. To accomplish these relationships, one

will factor out ¥ on the left side of the equation, D*r* + EVsY = F*t*, followed by factoring out

s” of the same equation. The main principle for obtaining relationships between the prime factors
on the left side of the equation and the prime factor on the right side of the equation is that the
greatest common power of each prime factor on the left side of the equation equals the same
power of the prime factor on the right side of the equation. High school students can learn and
prove this conjecture as a bonus question on a final class exam.
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Option 1
Preliminaries
Introduction

The following is from the first page of the author's high school practical physics note book:
Science is the systematic observation of what happens in nature and the building up of body of
laws and theories to describe the natural world. Scientific knowledge is being extended and applied
to everyday life. The basis of this growing knowledge is experimental work. To prove Beal
conjecture, one will apply the scientific approach and be guided by the properties of the factored
Beal equations. One will apply a systematic observation of the factorizations of seven numerical
Beal equations, and note the consistent pattern of the relationships between the prime factors on
the left sides and right sides of the factored equations.

Observation 1:

Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

23423 =24

23 +23=232
2L+ =232
e W
k L M P

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side..

Note above that the greatest common power
of the prime factors on the left of the equation
is the same as a power of the prime factor on
the right side of the equation.

Note also, the following
. kK 23
The ratloV:2—3:1 .

If £=1,then K=M

M
- P 2
Similarly, T=171° 1.
If£=1,then P=L

L

Corresponding relationship formula
Let r, s and ¢ be prime factors of

A, B and C respectively, where
D, E and F are positive integers, such
that A=Dr, B=Es, C=Ft.
(Dr)* +(Es)? = (Ft)*
D*r* + EVsY = F*t*
r=s=t=2
x=3y=3,z=4
(D=1LE=1F=1)
r*[D* + EVsY ey~ = tX <Y F*
- N
K L M P
K=M, P=L




Observation 2: |[7°+77 =983

Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

7°+77 =983

76 +7007=(4902)3

70+7%07=70023

79(1+7)=76 23

75(1+7)=76 @23

— Ne—_— - S~

K L M P

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side.

Note the following
K 7°
The ratio ks 76 =1.
. p 23
Similarly, T=147°= 1.

Corresponding relationship formula
Let r, s and ¢t be prime factors of

A, B and C respectively, where
D, E and F are positive integers, such
thatA=Dr, B=Es, C=Ft.
(Dr)* + (Es)” = (Ft)*
D*r* + EYsY = F%¢<
r=s=t=7
x=6,y=7,z=3
(D=1LE=1,F=14)
Cﬁ[D" + EYsY or™*] = Litz‘xFZ
K L M p
K=M, P=1L

Observation 3:

Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

P +6°=3°

3P +(3e2)3=3°

33 4+3% 023 =3

33(1+2%)=33e32

33(1 +8)= 33 32

I 3

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side.

Note the following
. kK 3
The ratloﬁ = 3—3 =1.
32

Similarly, % =178~ 1.

Corresponding relationship formula
Let r, s and ¢t be prime factors of

A, B and C .respectively, where
D, E and F are positive integers, such
that A=Dr, B=Es, C=Ft.
(Dr)* + (Es)? = (Fr)?
D*r* + EYsY = F*t<
r=s=t=3
x=3,y=3,z=5
(D=1,E=2,F=1)
r*[D* + EVsY ey = X t*7YF*?
[ [ —
K I M p
K=M, P=1L




Observation 4:

Identify the greatest common factor.of all
three terms of the equation and factor it
out on the left side.

29 +83=4°
2% +(12°)% = (121
29429 =210

290 +1)=2%e2

2°(1+1)=2"e2

SN == &

k L M P
Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side
of the equation equals the factor, P, on the
right side.

Note the following
. kK 2°
The ratloﬁ—2—9— 1.

-

Similarly, % =131
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Corresponding relationship formula
Let r, s and ¢t be prime factors of

A, B and C respectively, where
D, E and F are positive integers, such
thatA=Dr, B=Es, C=Ft.
(Dr)* + (Es)? = (Fr)*
D*r* + EVsY = F*t*
r=s=t=2
x=9,y=3,z=5
(D=1,E=4,F=2)

PX[D¥ + EYsY oy~ ] = (X <V F*
— L
K L M p

K=M, P=L

Observation 5: |34 +514 =854
Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

34° +514 =854

(172) +(173)* =(175)*
17° 025 +17% 034 =174 5%
174(17 2% +3%)=17% 054
g};(17-25 +3) =171 e5%

L M P
(Note: 172 +3% =17 32 +81=625;
54 =625)

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side
of the equation equals the factor, P, on the
right side.

Note the following
4
7y
17
54
R ——
17025 +3%

. K
The ratio ks

Similarly, g =

Corresponding relationship formula
Let r, s and ¢ be prime factors of

A, B and C respectively, where

D, E and F are positive integers, such

thatA=Dr, B=Es, C=Ft.
(Dr)* 4+ (Es)? = (Ft)*
D*r* + EVsY = F*t?
r=s=t=17
x=5y=4,z=4
(D=2,E=3,F=5)
SYEY + D'rs™Y ]| = ) <7 VF?
K L M P
K=M, P=1L

Note above that one factored out s” .

One will apply the switch from r* to s
in the conjecture proof.




Observation 6: |3° + 543 =3!!

Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

39 +543 =3l

39+ (3% 02)? =311

39 +3% 23 =31

3%1+23)=3%32

39(1+23)=3%e32

T L M P
Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side

Note the following

. K 3
The ratloﬁ—3—9— 1.
2
Similarly, % = liﬁ =1

Corresponding relationship formula
Let r, s and ¢t be prime factors of

A, B and C respectively, where
D, E and F are positive integers, such
thatA=Dr, B=Es, C=Ft.
(Dr)* + (Es)” = (Ft)*
D*r* + EYsY = F%¢<
r=s=t=3
x=9,y=3,z=11
(D=1E=18,F=1)

PX[D¥ + EYsY oy~ ] = (X< TF*
— L
K L M p

K=M, P=L

Observation 7: [33° + 663 =33°]
Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

33° +66° =33°

(11033 +(1102e3)°> =(1103)°

11535 +11° 025035 =11603°

153 +2°e3)=11"01103°

153 +2°e3)=112e1103°

x L M ¥

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side.

Note the following
K 110 P 1103
Mo AR E s s T

Corresponding relationship formula
Let r, s and ¢ be prime factors of

A, B and C respectively, where
D, E and F are positive integers, such

thatA=Dr, B=Es, C=Ft.
(Dr)* +(Es)Y = (Ft)*
D*r* + EVsY = F*t*

r=s=t=11

x=5,y=52=6

D=3 E=6F=3

rE[D* + EsY e r~]= (X ¥ F?
K L M p
K=M, P=1L
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Summary of Observations 1-7 and Conjectures

The most important and useful observation in the above examples is the consistency that the
greatest common power of the prime factors on the left side of the equation equals the same power
of the prime factor on the right side of the equation. This observation was 100% consistent in all
the factored numerical Beal equations, and will be applied in proving Beal conjecture. Particularly,

one conjectures that r* =¢* and s” =t”. After proving these conjectures, one will conclude that
r =s =1, and establish that Beal conjecture is true.

23423 =724 (a)
3 _
2(Lh=2202 )
k L M P
1. x=3,y=3,z=4
r=s=t=2

pX =23, tx =23
tZ—X — 24—3 — 2

70 +7607="7%023 ()

3P +33e23=3° (a)

71 +7)=70e23 (b) 33(14+23)=3%e32 (b)
75(1+7)=76 23 33(1+8)=33e32
e — o —

K L M P K L M P
x=6,y=7,z=3 3. x=3,y=3,z=5
r=s=t="7 r=s=t=3

r*=7% t*=76

rX = 33. = 33
(7% =135-3 =132

29429 =210 (a)
22(1+1)=2e2 (b)
220+1)=2%e2
Hk,—fhv—a - <

L M P
x=9,y=3,z=5
r=s=t=2
px =29 x =29

4 F=2

(27X =259 — o4

Note:¢* @i e F%
=29 2579 ¢25
=2

345 +514 =854
17° 025 +17% 034 =174 054
17417 2% +3%) =174 ¢ 5%

3 +3%e23 =31 (a)
39(1+23)=3e32 (b)

b) 3(1+25)=332
4 524\ _ 174 o 54 kL M P
SALESEE DAL SV PP

K I M P
x=5y=4,z2=4

r=s=t1=17

sY =174 ¥ =17*

1Y =174 =17 =1
Note above that the 174 is
based on the second term.

r=s=t=3
X =39 1x =139
=X =311-9 — 32

335 + 665 =336

11533 +115625e35 =11003°
1PB+2%°e3°)=117e]103°
11°(3°+2°e3°)=11"e]1103°
L —— — —
k L M P
x=5,y=5,z=6
r=s=t=11

rr=11% *=11°

Y =117 =11

(a)
(b)

Corresponding relationship formulas
r* DX + EVsY or X =t*t**F K=M, P=L
—— [ —
K L M P

or
SYEY+D*r*es V)=tV t*YF*;K=M, P= L
o~ [ S —
K L M P




Properties of the Factored Beal Equation
Let r, s and ¢ be prime factors of A, B and C .respectively, such that A= Dr, B=FEs,
C = Ft.where D, E and F are positive integers; and the equation becomes (Dr)* + (Es)Y = (Ft)*.
Step 1: Factor out 7" on the left side of the equation and on the right side of the equation, replace
t* by t* t2™%  (Note t* @ 1<~ =¢7)
(Dr)* +(Es)? =(Ft)*
D*r* + EVsY = Ft*
r*[D* + EVsY er X =t*t**F*; K=M, P= L
—— O —

K L M P
For the factorization r*[D* + EYsY e r~*]=t*t*"*F% withrespectto 7", r*=t* (K=M)
G S e

Step 2: Factor out s” on the left side of the equation and on the right side of the equation, replace
t* by tYetZ™Y  (Note t¥ 7Y =¢%)
(Es)Y +(Dr)*+ = (Ft)*
EYsY + D¥r* = F*t?
SYEY + D'r* o5V = )< VFC (K=M, P= L

K L M p
For the factorization sY[EY + D*r* e s7V]=¢Y¢*"YF* with respectto s¥, s¥ =t¥ (K=M)
I e

Main Principles Involved in Proving Beal Conjecture

) . .o .. .
1. From all the above seven numerical factorizations, the ratio Py =1, and this implies that r* =¢*

.. .8 ) )
2. Similarly, the ratio, g =1 implies that sV =¢”

3.1If r*=¢"and s¥ =17, then r =5 =1. (obtained by applying logarithmic properties)

Back to Options
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Beal Conjecture Proved by the Scientific Approach

Given: A*+ BY =C*, A,B,C,x,y,z are positive integers and x,y,z>2.

Required: To prove that A, B and C have a common prime factor.

Plan: Let r, s and ¢ be prime factors of A, B and C .respectively, where D, E and F are
positive integers, such that A= Dr, B= Es, C = Ft. Then, the equation A* + BY = C*?
becomes D*r* + EYsY = F*t*. The proof would be complete after showing that r=s=1.
The conjectured equalities, r*=1t* and s¥ =¢” from the numerical factorizations will

. r* sy
be proved by showing that P 1 and o 1.
The main principle for obtaining relationships between the prime factors on the left side of
the equation and the prime factor on the right side of the equation is that the greatest
common power of each prime factor on the left side of the equation equals the same

power of the prime factor on the right side of the equation. Two main steps are involved in

the proof. In the first step, one will determine how r and ¢ are related, and in the second
step, one will determine how s and ¢ are related.

Proof

Step 1: The conjectured equality, 7* = t* from the numerical factorizations will be true if and
o
only if i 1.
D*r* + EVsY = F*t*. (1) (Given)
D*r* + EVsY s .
% =1 (Dividing both sides by Fir%)  (2)
Approach 1
One will factor out the r* on the left side of the equation, D*r* + EVs¥ = F*t*, and on the right
side, let #* =¢*t*"* , where t* is of the same power as r*, to obtain
r*(D* + EYsr =) =t*"t*""F* (3)
Replace the t* on the right side of equation (3) by r* to obtain
r*(D* + EVsYr=) = rXt*=*F*
or r*(D* + EVsYr X)) =r"t7*F*t* (4)
Remove the parenthesis on the left side of the equation and on the right side write with positive

exponents to obtain
X

D*r* + EVsY ::—XOFZIZ 4)
D*r*+ EVsY  r* ) r*
g (solving for t_x)
r* D*r* + EYsY
1= Py (From (2), above, g - 1)

’,.X
Since —=1, r* =1¢*.
z.x

Ifr=¢*, r=t. (logr* =logt*;xlogr =xlogt;logr =logt; r =t)
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Approach 2

One will factor out the r* on the left side of the equation, D*r* + EYs¥ = F*t*, and on the right
side, let 7 =¢*t*"* , where t* is of the same power as r*, to obtain
r*(D*+ EYsr™*)=t*t*"*F* (3)

X I—X L2
’;—x = WyFy_x (Divide the left side by ¢* and the right side by D* + EYsr™")
sr
X —X 242
Z_x = DxtTFyty—x (Splitting #*"*into #* and )
sr
’,.X FZtZ . . .
&= SO 1 B ( The ¢~ in the numerator becomes #* in the denominator)
sr
FZtZ
= (D 1 EVs'r ) (Replacing t* by r*)
X FZ Z
Z—x = D"x—-:Eyy (Removing the parenthesis)
r s
X F*t? D*r* + EVs”Y
L (From (2) of Step 1, A
t* D*r* + EVs”Y F*t?

rx
Since —=1, r*=¢*
l-x

Ifr*=¢*, r=t. (logr* =logt*;xlogr = xlogt;logr =logt; r =1t)

Step 2: The conjectured equality, s” =¢” from the numerical factorizations will be true if and
o8
only if o 1.

Approach 1
One will factor out the s on the left side of the equation, D*r* + EYsY = F*t* and let
t* =17t*7Y on the right side, where ¢ is of the same power as s”, to obtain

SY(EY + D*r*s™)=t"t*"YF* . (3)
Replace the ¥ on the right side equation (3) by s” to obtain

SY(EY + D*r*s™Y) = sYt*7YF% or s7(EY + D*r*s™) = stV F*t*
Remove the parenthesis on the left side of the equation and on the right side, write with

. . sY sy
positive exponents to obtain EYsY + D*r* = g o %t or D*r* + EVsY = g o [t

XX Yoy y y
—D rrEs’ s (Solving for j_y)

Fae
sy . D*r* + EVs”
1= t_y (From (2) m Step 1, th = 1)

y
Since j_y =1,s7=. Ifs¥=¢Y, s=t. (logs’ =logt”; ylogs =ylogt; =logs=Ilogt; s=t1)
It has been shown in Step 1 that r =, and in Step 2 that s = #; therefore, r =5 =1.

Since A=Dr, B=Es, C=Ft and r=s=1t, A, Band C have a common prime
factor, and the proof is complete.

0 Back to Options
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Approach 2
One will factor out the s on the left side of the equation, D*r* + EYsY = F%t%, and on the right
side, let #* =¢"¢t*"Y ; where t” is of the same power as s, to obtain

SY(EY + D*r*s™)=t7t*VF* . (3) .

y -V EZ
j—y = Wx}?x_y (Dividing the left side of (3) by #” and the right side by EY + D*r*s™Y)
rs
y “YF2
j—y - Wﬁ;a_y (Splitting 7+ into 7% and )
r*s
sy F*t? ) . .
o = 5B + DY) ( The ¢~ in the numerator becomes #” in the denominator)
r*s
FZtZ
S(E + D s ) (Replacing t¥ by sY)
sY F*t? . . .
—_— == emoving the parenthesis 1n the denominator
Y EYsY + DXr* R h h he d )
Y Fzt? D*r* + EVs”
$21 (From(2)of Step 1, r___PrrEs
a4 D*r* + EVs” Ft*

. sy
Since —=1, s¥ =1¢).
24

IfsY =17, s=t. (logs’=logt”; ylogs =ylogt; =logs=Ilogt; s=t)
It has been shown in Step 1 that r =¢, and in Step 2 that s =¢; therefore, r =s =1.

Since A=Dry, B=Es, C=Ft and r=s=t, A, Band C have a common prime
factor, and the proof is complete..
Discussion

The proof was centered on proving the equalities r*=¢* and s¥ =¢” which imply that r=s=1¢,
where r, s and ¢ are prime factors of A, B and C respectively. In the previous paper
viXra:2001.0694), the application of these equalities were based only on the properties of factored
numerical Beal equations. In the present paper, in addition to the properties from numerical Beal
equations, formal proofs of these equalities were covered. Fermat's Last Theorem can be proved by
modifying the above proof as follows: For the hypothesis, let x,y,z=n>2, r #s# ¢ and prove
by contradiction (see viXra:2003.0303). Perhaps, the approach used in this paper is the approach
to use in solving problems in number theory.

Conclusion
Using the "scientific approach", the original Beal conjecture (and not the equivalent conjecture)
has been proved in this paper. Since the main concern of this conjecture is a common prime factor,
it was appropriate that factorization was the main tool in observing the structure of the
factorization of the equations. The factorization of the equations revealed the relationships between

the prime factors involved. The proof was based on the two equalities, r*=¢* and s¥ =¢”. which
were conjectured from the factorizations of the numerical Beal equations.. From these. equalities, it
was concluded that » = s = ¢, establishing the truthfulness of the Beal conjecture. High school
students can learn and prove this conjecture as a bonus question on a final class exam.

PS: Other proofs of Beal Conjecture by the author are at viXra:2001.0694, viXra:1702.0331;
viXra:1609.0383; viXra:1609.0157;
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